3.6 Wave-action equation

As in the case of deep water, it can be shown that the wave action density
is always conserved as waves propagate as long as there are no source/sink

of wave energy. The wave action density is defined as

N (ko k) = iG(kx, k). (47)

With forcing terms, the wave action density equation can be expressed as

ON ON 9o ON o

= Fy+ Fy+F, (48)

where k;, (i = 1,2) is the wavenumber vector. The apparent frequency o is
defined as

where U;, (i = 1,2) is the surface current vector.

The source term Fjz can be described as
Fs = B,N (50)

when the wave amplitude is small.

For deep water gravity waves the wave dissipation is dominated by wave-
breaking. For finite depth water the wave breaking dissipation is modified,
and the bottom dissipation is added.
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The nonlinear interaction term can be written, in general, as

o= [ [ ] QNGO N (k). N(ka). N (ks)

><5(w + wi + wy + w3)5(k + kl + k2 + kg)dkldkzdkg (51)

for the 4 wave interaction. In addition, the 3 wave interaction is added for

very shallow water conditions.
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3.7 Finite depth effect on wave action conservation
3.7.1 Conservation of wave action of a single wave train
When a wave train with an wave amplitude |A| propagates in a region with
a slowly varying water depth and there are no external forcing (wind input,
dissipation) or currents, the conservation of the wave action can be expressed
as

ON 0

E—F%-(Cgﬂv):o (52)

where the wave action is defined as
N=FE/w (53)

and F = pg|A|?/2 is the energy of the wave train. The wavenumber and the

frequency are constrained such that

81{:2 Ow

and the two components of the wavenumber are related by

ok, Ok,

= ¥, 55
dy ox (5)
For example, if the wave field is independent of time, from (54)
ow
=0 26
axi ’ ( )
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i.e., the frequency is constant. Therefore,
w? = gk tanh kh = constant. (57)

This, together with (55), determines how the wavenumber k; varies as the
water depth varies in x;.

If, the water depth and the wave field vary in x only, i.e., are independent
of t and y, and the wave train propagates in z, the wavenumber k = k,
increases as h decreases, i.e., the waves become shorter. From (52) CyN is

also conserved, i.e., independent of x. Since

w

& (Ca) (59)

1
E = SpglA]” = wN

and w is constant, the wave energy is inversely proportional to C,. If the

group velocity is normalized by the deep water value g/2w,

C, 2w 2kh
= 220, = tanh kh (14— 59
Coleo g ° <+sinh2kh> (59)

i.e., the normalized group velocity varies with the normalized depth kh. As
kh decreases, the group velocity first increases by 20% (around kh ~ 1.2)
and then decreases rapidly. Therefore, the wave amplitude first decreases by

10% and then increases rapidly.
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3.7.2 Conservation of wave action density

When a wave field with the wave spectrum G(k;, z;, t) propagates in a region
with a slowly varying water depth h(z;) and there are no external forcing
(wind input, dissipation, nonlinear wave interactions) or currents, the con-

servation of the wave action density can be expressed as

ON ON Ow ON Ow

The term —% indicates how the wavenumber k; varies as a particular wave
1

packet propagates. Since the dispersion relation is
w? = gk tanh kh, (61)

we may differentiate this by x;, yielding

dw 0 oh gk?  0Oh

2 = —(gktanh kh =0, 62
w dx; Oh (gk tan ) Ox;  cosh? kh Ox; (62)
Therefore, when h decreases, the sign of _6%- is positive, as expected.

17



3.8 Interaction between waves and currents with a fi-
nite depth

3.8.1 Conservation of wave action of a single wave train

When a wave train with an wave amplitude |A| propagates in a slowly varying
current U(x;,t) and there are no external forcing (wind input, dissipation),

the conservation of the wave action can be expressed as

ON 9
B gy (Co H UIN] =0 (63)

where the wave action is defined as
N=F/w (64)

and E = pg|AJ?/2 is the energy of the wave train. The wavenumber and the

frequency are constrained such that

8]{3, 80‘
o T oz, 0 (65)
with the apparent frequency

For example, if the wave field and the current are independent of time, from

(65)

0o _ 0 Ok; dw  Ohdw O B
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i.e., the apparent frequency is constant. This determines how the wavenum-
ber varies as the surface current and the water depth A vary in x;.

3.8.2 Conservation of wave action density

When a wave field with the wave spectrum G(k;, z;, t) propagates in a slowly
varying current U(z;,t) and there are no external forcing (wind input, dis-
sipation, nonlinear wave interactions), the conservation of the wave action

density can be expressed as

ON ON 0o ON 0o

where
G
N=—. 69
- (69)
The apparent frequency o is defined as
o=w+ kU,. (70)
Here,
Jdo  Ow
ok~ ok, +U; =Cy, + U (71)

is the (apparent) speed of the wave packet propagation and is the sum of the

group velocity and the current. The term

0o Ow Oh oU;
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indicates how the wavenumber k; varies as a particular wave packet propa-
gates.

When the forcing terms are included, the action density equation becomes

ON ON 90 ON 0s

= Fy+ F, + F, (73)

(1) If the terms on the left hand side are relatively small, the three terms

on the right must balance one another, i.e.,

0=Fs+F,+ Fy (74)

Therefore, the effect of the variable current/depth is negligible.

(2) If the terms on the left hand side are relatively large, the three terms
on the right are negligible, i.e., the effect of the variable current/depth is the
strongest.

(3) If the terms on the left hand side are comparable to the terms on the

right, the current/depth effect is present but is weakened (relaxation).
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