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ABSTRACT

A theory of the depth-averaged currcnts and sea surface elevation generated by a moving hurricane in a
stratified ocean with flat bottom is presented. Using a scale analysis of the depth-integrated momentum and
continuity equations, it is found that the depth-averaged currents are nearly nondivergent and determined
entirely by the wind stress curl. Earth’s rotation and ocean stratification have negligible effects. The sea surface
elevation is decomposed into four physically different parts caused by geostrophic adjustment to the depth-
averaged currents, wind stress divergence, inverted barometer effect, and baroclinic effects. When a hurricane
moves with a uniform speed, it gencrates quasi-stationary, alongtrack, elongated depth-averaged currents. The
sea surface elevation remaining after the hurricane passage is a combination of a trough geostrophically adjusted
with the depth-averaged currents and a sea surface elevation associated with baroclinic effects.

The barotropic responsc is analyzed for different wind stress distributions, A universal nondimensional de-
scription of the depth-averaged flow is suggested, using scaling based on the maximum wind stress torque L7,
and its radius L. This marks the primary difference with baroclinic responses where the radius of maximum
winds, R,,, and maximum wind stress r,, are the determining scales. For all cases considered, the maximum
depth-averaged current is proportional to Zr; and the distance from the maximum to the storm track is pro-
portional to L. The wind stress behavior at the hurricane’s periphery is shown to be an important feature in
_determining the sea surface response.

Analytical solutions of approximated cquations agree well with numerical simulations based on the full set
of equations. It is demonstrated, using a two-layer model, that nonlinear coupling between the baroclinic and
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barotropic modes is rather weak. and therefore they may be calculated separately.

1. Introduction

A moving storm is known to generate both barotro-
pic and baroclinic motions in the stratified ocean. In
the present context the barotropic motion is defined
as a depth-averaged flow. The baroclinic motions are
what remain after subtraction of the depth-averaged
currents and are associated with the ocean stratification.
Geisler (1970) was the first to point out that the nature
of the baroclinic and barotropic responses of the ocean
to a moving hurricane is quite different because of the
difference in the long gravity wave speed. Typically,
the translation hurricane speed (5 m s™') is greater than
the baroclinic wave speed and smaller than the baro-
tropic wave speed. The characteristic feature of the
baroclinic response is an oscillating narrow wake be-

* Current affiliation: Graduate School of Oceanography, University
of Rhode Island, Narragansett, Rhode Island.

Corresponding author address: Dr. Isaac Ginis, Graduate School
of Occanography, University of Rhode Island, Narragansett Bay
Campus, Narragansett, RI 02882-1197.

© 1995 American Meteorological Society

hind the storm formed by slow propagating, near-in-
ternal gravity waves. By contrast, fast propagating
barotropic waves produce a broad barotropic flow with
no wake.

In a deep open ocean, the depth-averaged currents
generated by a hurricane are essentially weaker than
the baroclinic currents generated in the surface mixed
layer and thermocline. Therefore, most of the previous
work has focused on the thermodynamic processes in
the upper ocean where turbulent mixing, upwelling,
and inertia-gravity oscillations dominate. Over the last
two decades significant progress has been achieved in
understanding the baroclinic response from various
observational studies, theoretical analysis, and numer-
ical simulations (e.g., Shay et al. 1992; Price et al. 1994;
and references therein).

The barotropic response becomes an essential feature
of the ocean response to a hurricane in outer conti-
nental shelves and shallow coastal regions. Most of the
previous theoretical work has been concerned with
modeling the barotropic response of shallow coastal
waters to storm surges. Storm-driven motion in shallow
water is greatly influenced by bottom friction. Accord-
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ingly, two- and three-dimensional models have been
developed with different types of bottom friction pa-
rameterizations (e.g., Jelesnianski 1965; Forristal 1974;
Hearn and Holloway 1990). However, in regions far
from coastlines where the bottom friction is not im-
portant, the studies of the barotropic response to a hur-
ricane have been limited. Geisler (1970) analyzed the
barotropic response using a localized source of positive
wind stress curl. As a result of such forcing, very broad
currents and sea surface depression were produced on
the spatial scale of the barotropic radius of deformation.
He then concluded that the barotropic flow must be
affected by variability of the Coriolis parameter, and
therefore should break down after about one day. On
the other hand, in a numerical solution by Kuo and
Ichiye (1977) one can see a sea surface depression
elongated in the alongtrack direction having the across-
track horizontal scale of the storm size, not of the baro-
tropic radius of deformation. More recently, Shay and
Elsberry (1987) demodulated current meter observa-
tions made during the passage of hurricane Frederic
in 1979 and found near-inertial oscillations in the
depth-averaged currents. In the following theoretical
and numerical study (Shay et al. 1990) they attributed
this near-inertial signal to the time-dependent barotro-
pic response induced by gradients in the sea surface
elevation. The essence of their conclusion is that the
barotropic current response to hurricane forcing occurs
in the near-inertial wave band and therefore is similar
to the baroclinic current response. Thus, some uncer-
tainties remain on origin and behavior of the barotropic
response. :

The purpose of this paper is to investigate the depth-
averaged currents and the sea surface effects produced
by a moving hurricane using analytical and numerical
analyses. In addition, a second important goal is to
examine the possible interaction of the barotropic and
baroclinic modes. The outline of this paper is as follows.
In section 2 the depth-averaged equations are formu-
lated. The scale analysis to evaluate dominant features
of the barotropic response to hurricane forcing is pre-
sented in section 3. A simple analytic solution for an
axisymmetric moving storm is given in section 4. To
clarify the physical results we analyze a balance of ki-
netic and potential energy in section 5. In section 6 we
examine numerically the behavior of the depth-aver-
aged currents and sea surface elevation using the non-
linear one- and two-layer models. A summary of the
major results of this study and conclusions are pre-
sented in section 7.

2. Model formulation

Consider a system of orthogonal Cartesian coordi-
nates with x increasing eastward, y increasing north-
ward, and z increasing vertically downward with an
origin at the undisturbed sea surface. The ocean is as-
sumed to be infinite in the horizontal plane and rotating
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about a vertical axis. Any kind of diffusion is ignored.
If the angle brackets denote vertical integration from
the sea surface located at z = — {(x, y, £) to the bottom
z = H(x, y), the depth-integrated equations for mass
and momentum balance can be written as follows:

§£+i<._u>_+m=0’

ot ox ay (1)
ouy | Kuuy uwy
o T e T ey R
po\dx[  po
vy  Kuvy K w)
ot + ox * oy Jou)
po \ 0y po’

Here ¢ is the time, v = (u, v) is the horizontal velocity,
T = (74, 7p) is the wind stress, p is pressure, pg is the
characteristic density of the ocean, and f; is the Coriolis
parameter assumed to be constant. The fplane ap-
proximation is used, which is justified since we consider
high-frequency motions, that is, motions with fre-
quencies of inertial magnitudes and larger at the length
scale of several hundred kilometers. This class of mo-
tions is known to be little affected by variations of the
Coriolis parameters (Gill 1982).

Equations (1)-(3) describe the evolution of the
depth-integrated flow and free surface. Using the hy-
drostatic approximation, the pressure gradient is

z
Vp=Vp,+gpoV{+ gf ; Vodz', (4)
where V is the horizontal gradient operator, p, is at-
mospheric pressure, g is gravitational acceleration, and
p 1s density.

In the present study we suppose that the ocean bot-
tom is flat (H = const), and therefore, we exclude the
possible influence of variable bottom topography.
Then, assuming that H » { and |p(—{) — po| < po,
the pressure gradient (4 ) integrated over the depth can
be written as

(Vp) = H(Vp.+ gnV§) + VO. (5)

Here the term VQ = gV [ Jo (p — po)dzdz' represents

the influence of the baroclinic effects on the depth-
integrated flow. In our theory we do not calculate the
baroclinic effects explicitly, but rather pay attention to
the manner in which they may influence the depth-
integrated flow and free surface elevation. For details
of the baroclinic response see, for example, Geisler
(1970), Price (1981, 1983), Greatbatch (1983, 1984),
Shay and Elsberry (1987), or Ginis and Dikinov
(1989).
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3. Scale analysis

Suppose that a wind stress pattern typical for a hur-
ricane is imposed on an initially undisturbed ocean.
We apply the method of scale analysis to determine
some information on the character of the barotropic
response to such forcing. To do this, let L be a char-
acteristic horizontal scale of the hurricane and ¢y, be a
characteristic timescale in which the forcing is applied.
In the case of a hurricane translating with a speed U,
this timescale is defined as t; = L/ U,,.

Now we introduce the depth-averaged current vector
as vV = (v)/H and baroclinic current vector as v/ = v
—~ ¥. According to this definition the depth-averaged
baroclinic current is equal to zero. To proceed with
the scale analysis we define the depth-averaged velocity
scale ify and the sea surface height scale {; as

_ g_ _ T LL
T T T pocd”
where 7, is the wind stress at radius L from the storm
center and ¢, = ‘/?gﬁ is the barotropic gravity wave
speed.

For the scale analysis of the baroclinic response three
storm parameters are usually invoked (e.g., Greatbatch
1983, 1984; Price 1983): the radius of maximum winds
(R,,), the maximum wind stress (7,,), and the hurri-
cane translation speed (U,). Using these parameters,
we define the horizontal scale of the baroclinic current
as

- _Tilp

(6)

TmRom
pohUy’

where £ is the depth of the upper mixed layer.

Note that scales for the external parameters that
characterize hurricane forcing are different for the
barotropic and baroclinic responses. As will become
apparent in the following sections, the parameters R,
and 7, are not significantly important in determining
the amplitudes and the horizontal structures of the
barotropic response. Instead, it turns out that the hur-
ricane parameters that appear to control the barotropic
response are the radius L where the wind stress torque
Rt reaches its maximum and the wind stress at that
radius, 7; . As will be seen from the following theoretical
and numerical analyses, the character of the barotropic
response also essentially depends on the radial distri-
bution of the wind stress profile outside the radius of
maximum winds.

We further introduce three nondimensional param-
eters:

€ = Upto/ L the ratio of the depth-averaged displace-
ment of fluid particles to the storm scale
(for a moving storm ¢ = i/ Up);

X = L/cgto the ratio of the storm scale to the dis-
tance of gravity wave propagation during
the forcing time (for a moving storm A
= U/ co);

(7)

ug =
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v = L/Ry the ratio of the storm scale to the external
radius of deformation R; = cy/ fo.

Using this scaling and keeping the same notation
for the scaled dimensionless variables, we can rewrite

(1)-(3)as

¢ du I
M=+ —+ ==
o dx dy 0, ®)
au i -5 N wu v
o lax ay| Hlex | ay
A~ — &)
~fo et =,
fo x T, (9)
Ll dvu | oo N U v
dt € ox ay Ml ox ay
-, 08— )
+fu+—~—r—=1y. (10)

In the above equations, ¢ = (¢)/H for any quantity
¢,and f = tyfo = v/ is the nondimensional Coriolis
parameter: {, and {, are the nondimensional free sur-
face elevation caused by the sea level atmospheric
pressure anomaly Ap, associated with the hurricane
and the baroclinic effects, respectively,

Ap, 0

g-a = 5 g- = - .
g00o > gpoSold

Here Ap, = p, — p., where p. is the surface pressure at
the hurricane center and p, the ambient pressure. Note
that, since Ap, is always positive for hurricane condi-
tions, ¢, is positive too. This indicates that the atmo-
spheric pressure anomaly produces a rise of the sea
surface directly under a hurricane. This is the well-
known, so-called inverted barometer effect.

The parameter p for the nonlinear terms describing
the influence of the baroclinic currents on the depth-
averaged flow is evaluated with the help of the baro-
clinic response scales and yields

hu6210
H=—"r—.
Hu()Rm

(11)

(12)

To proceed with the scale analysis, we assume a very
simple shape for the radial wind stress profile in the
hurricane, as first suggested by Chang and Anthes
(1978). Inside the radius of maximum winds, R,,, the
wind stress linearly increases with radius, while outside
that radius the wind stress linearly decreases until the
radius Ry (outer edge of the hurricane). If we assign
the values R,, = 30 km, Ry = 200 km, and 7, = 3
N m™2, then L = 100 km and 7, = 1.76 N m~2. The
radial profile of the azimuthal component of the wind
stress, wind stress torque, and wind stress curl are de-
picted in Fig. 1. It is important to note that the wind
stress curl changes its sign from positive to negative at
the radius R = L. The existence of a negative annulus
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FIG. 1. Radial profiles of the linear wind stress model (N m~2) and
calculated wind stress torque (10° N m™') and wind stress curl (1074
Nm™).

of the wind stress curl at the storm periphery is a typical
feature of the wind stress profiles associated with real
hurricanes (e.g., Black 1983). Its role in the barotropic
ocean response will be discussed in section 5.

For the scale analysis we set the Coriolis parameter
to fo = 5 X 1075 s7!, the hurricane translation speed
to U, = 5 m s™!, and the mixed layer depth to & = 50
m. In Table 1 the scaling is presented for different ocean
depths representing a deep ocean (H = 2500 m), an
outer continental shelf (H = 250 m), and a shallow
coastal region (H = 50 m). The fundamental conclu-
sion that follows from Table 1 is that the parameters
¢, A2, v2, and Ay are small for most of the ocean except
for very shallow waters with depths less than 50 m.
The parameter x appears to be also small for all depths,
which implies that the influence of the baroclinic cur-
rents on the barotropic response can be expected to be
small as well. Guided by this result, we consider in the
following sections three levels of approximations that
will lead us to a significant simplification of the gov-
erning equations (8)-(10). Concluding this section,
we note that although the scale analysis performed is
informative for estimation of the various terms of the
governing equations, it is not conclusive because of the
inherent uncertainties in the chosen scales. Therefore,
analytical solutions of approximate equations obtained
based on this analysis will be verified in section 6 by a
comparison with numerical solutions of the full set of
equations.

a. Approximation € < 1

Since the nonlinear terms in the momentum equa-
tions (9) and (10) are proportional to ¢, the condition
€ <€ 1 allows us to linearize the problem. We also ex-
clude the nonlinear terms describing the influence of
the baroclinic currents in our theoretical analysis. The
role of these terms will be evaluated in section 6, where
the full system of equations will be solved numerically.
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As a result of the above simplifications, (9) and (10)
yield

LR (S Ak N

Ey So ax x5 (13)
. A== 8)
-a?+fu+T——Ty. (14)

To proceed with our analysis it is convenient to de-
compose the depth-averaged velocity field into a ro-
tational part described by the streamfunction ¢ and a
divergent part described by the flow potential X as

2a_x_.ai 2_6_&_}_?_‘6
x ay’ dy  ax’

With this notation, (8), (13), and (14) can be rewritten
as

=X v=2A

(15)

9¢

— T — 2
o A% 4 (16)
VZ
a—az—‘b + MYV2X = curl,r (17)
avix
A2 3 =SV + V(== ) =Ver. (18)

The last set of equations is evidently third order in
time, similar to the initial set of equations (1)-(3),
and therefore it describes the geostrophic solution as
well as inertia-gravity waves.

b. Approximation \° < 1

Physically, this approximation implies that the phase
speed of the barotropic gravity wave is so large that the
distance it travels over the time of hurricane forcing is
much larger then the storm horizontal scale. The small
value of A2 allows us to neglect the time tendency term
in the divergence equation (18). This yields a balance
relationship between the wind stress, depth-averaged
flow, and sea surface

TABLE 1. Some parameters of scale analysis.

H (m)

50 250 2500
¢ (ms™) 22.3 49.5 156.5
R;(km) 442 990 3130
1 (ms™) 0.7 0.14 0.014
4 (ms™) 0.4 0.4 0.4
o (m) 0.35 0.07 0.007
€ 0.14 0.03 0.003
u 0.12 0.12 0.12
A2 0.05 0.01 0.001
¥? 0.05 0.01 0.001
YA 0.06 0.01 0.001
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—fVH AV =Vr+ V(L + 5). (19)

Hence, the essential feature of the approximation A2
< 1 is that it filters out the fast propagating barotropic
gravity wave from the governing equations. The struc-
ture of the barotropic response represents then a dy-
namical system in a nearly balanced state between all
the major dynamical effects. The time evolution of this
system is, therefore, a succession of nearly balanced
states. .

Inverting the Laplace operator in (19), one can ob-
tain a simple relation for the sea surface elevation

§=8c+Sat Sat &, (20)

where ¢, is defined as
=S¥ (21)
and {is given by the solution of the Poisson equation
Vi,=V-r. (22)

The expression (20) states that the sea surface elevation
generated by a hurricane is formed by a combination
of the four physically different processes. The first term
on the right-hand side ({,) represents the elevation
geostrophically balanced with the depth-averaged cur-
rents (21). The second term ( ) describes the elevation
caused by wind stress divergence (22). The third term
(¢,) describes the sea surface elevation, associated with
the inverted barometer effect, and the last term ()
represents the influence of the baroclinic response (11).

c. Approximation \y <€ 1

This approximation is utilized here because the scale
of the hurricane forcing is much smaller than the ex-
ternal radius of deformation. The leading order of the
conditions A < [ and Ay < 1 corresponds to the rigid-
lid approximation and assumes instant adjustment (¢
= o0 ) of the depth-averaged currents and barotropic
pressure gradient fields.

Applying the approximation Ay < 1 to (17), it is
immediately clear that the term AyV?X is negligibly
small, This implies that the depth-averaged flow gen-
erated by a hurricane is nearly nondivergent. As a re-
sult, (17) can be reduced to a simple Poisson equation:

L

Vi = j; curl,rdt’. (23)
It is apparent now that the depth-averaged currents
generated by a hurricane are defined entirely by the
wind stress curl. Other factors, such as atmospheric
pressure, wind stress divergence, and the sea surface
elevation make very small contributions. Moreover,
the rotation of the earth and the ocean stratification
(baroclinic effects) are also not relevant to the evolution
of the depth-averaged currents. However, note that ac-
cording to (20), all these factors are important in de-
termining the sea surface elevation.
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4. Energy considerations

To understand properly the foregoing results, let us
discuss the barotropic response from the energetic point
of view. The energy budget equations can be derived
by multiplying (8) by {, and (13) and (14) by # and
v correspondingly. After integrating the resulting
equations over an ocean area 2 and using notation
(15), we obtain

d
a—f= Aszx-Vg“dE, (24)
e ——
w
oK -
i AZIVX-V§d2+f7-vdE
~ -~ - A v—-_J
w F

+ A2 J- Vx-V({+ &G)dE. (25)

v

G

Here P = 1A% [ {2dZ is the potential energy due to
deformation of the free surface and

K = %f(ﬁz + 92)d2

is the kinetic energy of the depth-averaged currents.
The term W describes the exchange between poténtial
and kinetic energies, the term F represents the work
of the wind stress, and the term G is the work of the
atmospheric pressure and baroclinic effects. :

Examination of (24) and (25) indicates that most of
the input of storm energy is directed to the kinetic energy
of the depth-averaged currents through the work of the
wind stress (F'). The contributions of atmospheric pressure
work and baroclinic effects (') are small because they are
proportional to A2. The only source of potential energy is
the transfer from kinetic energy by the divergent part of
the depth-averaged currents (). As we can see, only a
small amount of kinetic energy transfers to potential en-
ergy, due to the small A%, Thus, the initial partition of
potential energy and kinetic energy is proportional to A2
and is such that P < K. This gives a simple explanation
to the quick adjustment of the depth-averaged currents
and sea surface to a hurricane wind stress. Because the
ratio between the potential and kinetic energies is small,
only a small part of the initial kinetic energy provided by
the wind stress is required to produce a sufficient amount
of potential energy to establish the current and mass (sea
surface) fields balance. The kinetic energy of the balanced
state is, thus, nearly equal to its initial input.

After hurricane passage, geostrophic adjustment to-
ward a balance of the mass sea surface elevation and
depth-averaged current fields takes place. According to
the classical theory of geostrophic adjustment (Rossby
1938; Blumen 1972; Orlansky and Polinsky 1983), the
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structure of the final state is determined by the relation
between the Rossby radius of deformation R, and the
initial scale of the perturbation. For scales much less than
R, the mass of the fluid adjusts to a geostrophic equilib-
rium given by the initial current perturbation. For scales
larger than R,, the currents adjust to the initial mass
perturbation. In our case, the scale of the initial pertur-
bation (or the horizontal scale of a hurricane) is small
in comparison to the barotropic radius of deformation,
and therefore the sea surface will tend to adjust to the
initial depth-averaged currents. The partition of potential
energy (P,) and kinetic energy (K,) in the geostrophic
state is proportional to v> = (L/R,)?* (e.g., Pedlosky
1987). Since the hurricane horizontal scale L is much
less than the radius of deformation R, (y? < 1), the total
geostrophic energy is mainly concentrated in the kinetic
energy, and the structure of the geostrophic currents is
almost the same as the structure of the initial currents,
Moreover, because P, < K, the equilibrium state is
reached almost instantaneously, and the amplitudes of
transient gravity waves are very small.

5. Analytic solutions

In this section we derive and examine explicit ana-
lytical solutions for the barotropic response to specified
patterns of the wind stress in a hurricane.

a. Barotropic response to an axisymmetric wind
stress

Let us consider a moving hurricane with an axisym-
metric wind stress. In such a case, using polar coor-
dinates with the origin at the storm center, the wind
stress curl is defined only by the azimuthal component
of the wind stress 7,

1 07'73
curl,r = — —,

ar (26)

where r is the radial distance to the storm center, nor-
malized by L.

Using (26), the relation (23) can be transformed to
an explicit expression for the depth-averaged currents

t
V= f Tgegdl,

0

(27)

where e, is the azimuthal unit vector.

The important point to emphasize is that the depth-
averaged flow is determined only by the azimuthal com-
ponent of the wind stress. The radial component makes
no contribution. Moreover, it is clear from (27) that a
stationary axisymmetric storm generates a cyclonic depth-
averaged circulation in the ocean (Sutyrin 1979, 1981).
The velocity pattern of the circulation exactly corresponds
to the spatial distribution of the azimuthal component
of the wind stress, and the current intensity is proportional
to the duration of the storm action.
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The axisymmetric structure of the wind stress also
allows us to readily evaluate the sea surface elevation
produced by the wind stress divergence (¢{;). In this
case the wind stress divergence is determined by the
radial component, 7,, of the wind stress only

(28)

Using the above relation, the solution of (22) then takes
the form

w0
sury == v (29)
r

For hurricane conditions, 7, is always negative because
of the convergence of the low-level winds, and therefore
{41s always positive. This indicates that the wind stress
divergence produces a rise of the sea surface, aug-
menting the inverted barometer effect.

Finally, returning to the Cartesian coordinate system,
the solution (27) can be transformed to

a=—ft———-—7"(y‘y”)dz' 5=f'———”(x_x”)dt' (30)
b 0 r b

0 r

where x.(¢) and y.(¢) are the coordinates of the
storm center normalized by L and

r=Vx—x)?+ -y

We shall find in section 6 that the last relations, al-
though simplified, give a very good approximation to
the numerical solutions obtained from the full system
of nonlinear shallow water equations.

We next examine the barotropic response remaining
after the storm passage. Suppose that the hurricane
moves steadily in the negative x direction. In this case
it is convenient to consider a moving Cartesian coor-
dinate system with the origin fixed at the hurricane
center. Then the time integration in (30) can be re-
placed by the integration in Cartesian space

u=-y f ——Ta(rr) dx', v= f 7el7) x'dx'.

r

(31)

It follows immediately that far behind the storm (at x
= o0) the second integral in (31) tends to zero and
only alongtrack flow remains:

“ 7o(1) = _
2yJ;y[ (r*=y*)'? dr, 2=0.

The alongtrack component of the depth-averaged cur-
rents is positive for y < 0 and negative for y > 0 with
the same amplitude. Thus, the directions of the baro-
tropic flow and storm movement coincide on the right
side and are opposite on the left side of the track (in
the Northern Hemisphere). It is also important to note
that the depth-averaged currents at a fixed distance
from the storm track are defined only by the wind stress
at larger distances from the storm center.

U= (32)






